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A static elliptical model is derived from the rotating Kerr geometry. Embedding this model
in a five-dimensional flat space we are able to explain some features of the Kerr metric.
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1. INTRODUCTION

In Sec. 2 we will study a static elliptical model which can be deduced from the Kerr
metric by an anholonomic transformation. This model is not Ricci flat. It has some similarity
to the Schwarzschild model and to the Kerr model as well.

In Sec. 3 we will show that this model has a natural embedding in a flat five-
dimensional space by utilizing the theory of double surfaces.

In Sec. 4 we investigate the invariance properties of the elliptical static model by
introducing freely falling reference systems. We demonstrate that the force of gravity is
compensated by the acceleration of these systems. Tidal forces can be experienced by the
falling observers. These forces will be represented by second-rank tensors. They will
satisfy covariant field equations.

2. THE STATIC MODEL

In a former paper [1] we have shown that the Kerr metric could be written as

ds? = dx +dx? + [ o dx® +iogoodx’ | +al [iagoodx +adx* | (2.1)

where

dx' = agagdr, dx?=AdS, dx®=ocdp, dx*=idt

A A a
Or=—, Bg=—, O

A AT AZ (2.2)

c=Asing, aS:%, aS:%, & =r*+a’-2Mr, A’=r’+a’>, A*=r*+a’cos’9

A and r are the major and minor semi-axes of the confocal ellipses of the Boyer-Lindquist
elliptical co-ordinate system. a is the eccentricity of the ellipses, w the observer’s angular
velocity, and o the observer’s distance from the rotation axis.

In view of the fact that it is not possible to obtain from the Kerr metric a static metric
by a Lorentz transformation the rotation is not attached to the geometry but geometrically
implemented. The non-Lorentzian anholonomic transformation
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differs from a Lorentz transformation by the gravitational factors og or ag respectively.
Transforming the 4-bein system with (2.3) and

[1]

o
€i =

" e
the metric can be written as
ds? = a2aZdr? + A%d9? + o?dg’ + aZdx*’, dx* =idt . (2.4)

and can be interpreted in a twofold way. i) The metric (2.4) is the anholonomic
representation of the Kerr metric. The connexion coefficients have to be calculated by the
inhomogeneous transformation law and this procedure leads to the field strengths of the
Kerr metric again. ii) We leave it as written. Then (2.4) is the metric of a possibly new static
elliptical model, which is not Ricci flat. It has some similarity to the Schwarzschild model
and to the Kerr model as well. As the stress-energy-tensor does not seem to have a
realistic interpretation it has no significance for the gravitation theory, but it could serve as
a simplified model for studying some features of the Kerr geometry. The visible advantage
of the second interpretation is that we are able to embed this metric in a five-dimensional
flat space by using the theory of double surfaces [1,2,3]. The main concern of this paper is
to infer the five-dimensional field equations from (2.4) and to perform the dimensional
reduction.

3. THE EMBEDDING

To embed the metric (2.4) in a five-dimensional flat space with the rectilinear

orthogonal co-ordinate system X* , a’=0",1’, ... , 4’ we start with a family of hyperspheres
parametrized by

X* = Xsingsin@sing

X% = Xsingsinfcos ¢

X' = Xsinecos® : (3.1)
X% = X cosecosiy

X* = X cosesiniy

The X are the radius vectors of the hyperspheres. The transformation to polar co-ordinates
is performed with the matrix



cosiy cosegsiniy —singsiniy 0 0
—siniy coSecosiy —singcosiy 0 0
Dj = 0 singcoso CcoS&eC0sO -sino® 0 ,  (3.2)
0 singsinfcos¢e  cosesinfcose  cosOcose -—sing
0 singsin@sing  cosesinfsing cosOsing coso

where the sequence of indices is 4,0,1,2,3.

The flat space metric expressed by the above-defined polar co-ordinates reads as
ds® = dX® + X?de® + X®sinfedo” + X® sinesin“0do” + X* cos’ediy® . (3.3)

Equ. (4.2) of paper [3] is extended by the last term of (3.3) and leads to an additional field
strength on the hypersphere

X' ==, X, '= —%tans. (3.4)

To derive a double-surface theory from this single-surface theory one has to introduce an
additional projector

Pi=— (3.5)

and we have to use the following expressions in the field equations

) 1 - 1 2r 12 +a?
(Pi) p[j'””:p_psll’ (]'Ji) p[?llllz]:p_paz’ ps(r8)= A=
S s

- (3.6)

ps is the curvature vector field of the radial integral lines of an elliptically squashed surface.

This field connects a corresponding surface generated by the evolutes of the radial lines of
the first surface.

By using (3.4) in Y,,° =PIX,°we get a new contribution to the connexion coefficients Y
E. =-[UEU —UuUuE ], E, = {_—,——S,o,o,o} (3.7)

E,is the force of gravity derived in [1]. The relation to the angles € of the ascent of the
surface mentioned above is vg =sing, ag =cose. By setting the parameter of rotation a to



zero this quantity reduces to the force of gravity of the Schwarzschild theory. The Ricci
tensor® derived from

PP, Ranc’(X) =R, (Y)

(3.8)
Rabcd(Y) = Z[Y[b-oc:a] + Y[b-cf- Ya]fd + Y[ba]focd + Xfcdp[;|||b]} = 0
includes the subequations
c c c c d\ LAt
[Eb”la —EbEa} +U,U, [E «E EC} 2[ U Epu® —uyuE° | (PF) Py - (3.9)
They decouple from the Ricci tensor by
1 Cc Cc C 1
Epjja —EoBa +By—psa =0, E.—EE, +E"—pg, =0 (3.10)
4 Ps 4 s
where a # 0. A dimensional reduction leads to
1
R (A)=—x (Tmn —~ EgmnTJ : (3.11)

The four-dimensional Ricci tensor and the four-dimensional connexion coefficients are
defined by

Rmn (A) =A *e = An|m - 'A‘rmS'A‘snr + AmnSAs

mn |s

, (3.12)

Amns = anS + Nmns + Cmns + Emns

S S S a‘
B,..  =b,B,b°-b,b,B°>, B, :{—S,O,O,O}
pE
S S S 1
N, =m N.m>—m_m N, N, ={0,p—,0,0}

" (3.13)

C..° =c,C,c°—c.,c.C°, C = {a—saé,piaé cot 9,0,0}

n
E E

EmI"IS = —[UmEnUn - umunEn:', En = {i;_s’o’o,o}
Ps Ag

The field equations read as

! We make use of the formulae listed in paper [3]



~| Bujn —Boys°by +B,B } bnbm[BS”S+BSBS}
~| Nojym = Nn”sm m_+NN } m[NS”S+NSNS}
- ’ (3.14)
| Copm +CnCm} —c.cC, [CS”S +C* CS}
- S S 1
| Eajm —EnEm}+unum [E 1s E Es:| =_K(Tmn _EgmnT]
with
1
K(Tmn—agm j——mmmn(M B, +M,Co —M,E,)
—b,,b, (MyB, +B,C, - B,Ey)
—c,, ¢, (M,C, +B,C, CE)
U U, (MoEqy +BoE, + CoE,) (3.15)

—(m,m, +b,,b,)v3Q®Q,,

m

+(m,m, +c,c,)vaN,C, + 2N E

m (m™=n)

+(m,m, +u un)ElipSll
p

mn m
S

The first four lines on the right side of (3.15) include the generalized second fundamental
forms of the physical surface. The two next lines are a contribution from the elliptical
structure of the geometry and the last line results from the projection from the hypersphere
of the single-surface theory to the elliptically squashed surface of the double-surface
theory. With some algebra we simplify this expression to

-20,.0°
K(T —EgmnTj:vg wn e N -2F E.. (3.16)

(m™=n)

From this relation T, can be calculated. The quantities Q and F are contributions from
the BL-ellipsoid of revolution and they already occur in a flat elliptical system without
rotation as explained in paper [5].



4. THE FREELY FALLING SYSTEM

Although we have simplified the rotating Kerr model to a static one, we hope to be
able to extract further information from this model by introducing a freely falling system.
We try to find an appropriate ansatz for the velocity of a freely falling observer in
geometrical terms. Punsly [4] has made some efforts in studying this problem?.

From the radial part of the Kerr line element [1]
dx' = aa.dr

we have separated the two quantities
A
)

A
Og = , aR = X (41)

where ag is the elliptical factor discussed in [5] and
4 0
ag = Og ZX:COSS 4.2)

is related to the angle of the ascent of the radial curve of the physical surface [3]. We have
already shown that ag is related to the angular velocity w of the rotating system by

a=1-w'c’

and that as can be interpreted as the Lorentz factor of a transformation to a freely falling
system

(4.3)

vs Is the velocity of a freely falling observer incoming from infinity. vs depends on the
radial position but is independent of the angle 3. It differs from the Schwarzschild velocity
by the ratio of the axis of the BL-ellipses. As vg =sing, the velocity vs is defined by the

ascent of the physical surface. The BL-ellipse at the waist of the physical surface reads as

& =r’+a*-2Mr=0.

2 The distance of the rotating observer from the axis of rotation we define by o = \r’+a’sing. Then o is

exactly the radius of curvature of the parallels of the BL-ellipsoid of revolution along which the observer
travels. Due to this ansatz, we obtain results different from those of Punsly.
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The solution

r, =M+ M —a? (4.4)

of this equation is called event horizon of the Kerr metric. If, as is the case in our
simplified model, there is no rotation, (4.3) shows that an ingoing particle has approached
the speed of light (vy= -1) at the event horizon. The static horizon is prescribed by

r,=M++M? —a?cos’9 , (4.5)
which leads to
5, =asing .

Rearranging this equation with the relations (2.2) we find for stationary observers that the
orbital velocity [2] w,.c has approached the speed of light m,.c=1 at the static horizon.

By another arrangement the relativistic sum of the orbital and radial motion has
approached the speed of light

Vi tatot=1. (4.6)
S

A freely falling observer being dragged by the rotating frames is not able to exceed the
static horizon. The above considerations encourage us to use the definitions (4.3) for a
Lorentz transformation from a static system (2.4) to a freely falling system and likewise
from a stationary system (2.1) to a freely falling one:

v T 4 _ 4
L =0, L, =logvg, L] =—lagvg, L, =0s . 4.7)

In previous papers [6,7] we have shown that the field equations and their
subequations are invariant under Lorentz transformations. If we use a modified
subsumption for the transformation law of the covariant derivation of tensors

@ = L:]W:q)m In = I:d)m'ln' o LS'LS (Ds':l_ A, 'SI D, An'm's‘ =L SI'A‘nms (48)

m'||n’ s —m'|n' n'm s n'm's

and if we define a new covariant derivative

CDm'|1|n' = (Dm'ln' - I‘n'm's (Ds' ! I‘n'm'S = Lz Liﬂn' (49)

the Ricci tensor can be written as

Rm'n' =A m‘n's'” s A

= A Agn FA LA (4.10)



If the new subsumption is used, the subequations discussed in [3] and in the preceding
Chapter turn out to be form invariant under passive Lorentz transformations. We obtain the
same equations (3.14) wherein all the graded derivatives contain the Lorentz term L
defined in (4.9). Now we consider the behavior of the subequations under active Lorentz
transformations. We have to decompose the field equations with respect to the
transformed tetrads

'm.=L'm.+L,u. ={10,0,0},
'rbnn 1mn + 4un {l } (4'11)

= 'u, =L} m, +L5u, ={0,0,0,1}
=b, ={0,1,0,0}, 'c, =C,

={0,0,10}

All quantities transformed by (4.7) have an additional time-like component. They are
interpreted as tidal forces. We prefer for them the tensor representation. Examining the
Lorentz term in (4.9) we get

4 r
Ly =G Ly =Qu+Gy

L 4.12
G, ={a5i5,o,o,—iasvsiv—5}, Q.. ={0,0,0,—L} (4.12)
Ps Ag Ps Ag Ps

In the accelerated system the force of gravity (3.13) has the components

S

E, =-E, E, =-E, E,= {aSiV—S,o,o,—iasv iV—S}. (4.13)
Ps Qg Ps Ag

Although the acceleration G of the freely falling system is derived from the local rotation in
the tangent space of the physical surface with og = cosiy, iogVvs =siniy and the force of

gravity is derived from the ascent tane =v¢/as of the physical surface, both quantities are

numerically equal. They enter the theory with opposite sign and compensate. Thus the
freely falling observers can measure no radial acceleration. From now on we drop the
primes of the indices.

From the two above relations we get

L. +E, ='mQ, ' m-"m_ 'mQ°. (4.14)

If we go over to the tensor representation, we obtain the tidal forces
Qll = Q4v sz = B4’ Q33 = C4 . (415)

Splitting the quantity N in space-like (bars) and time-like parts (double-bars), we obtain



N, =N S+['uNS—'uSN +'um(NS—NSn)J+EI °

mn mn n'Vm mn n mn
N_°*='m N'm —'m 'mN, N_°='uN'uU"—"u_'uN°. (4.16)
Nn - mlman’ Nmn = _'mm m4m1Nn’ Nn =m,m, Nn

The graded derivatives for the accelerated systems are (a, B, y =1,2,3)

CD“QB =P q)f*@ﬁ =P - NBay(Dv B Bﬁayq)v’ DPonp =Pupp — NBaVCDy B Bﬁayq)v B CBaYCDV (4.17)

Making use of the relation m m_,+u,u, ='m,'m, +'u,'u, we get from (3.11) and (3.15)
the field equations in terms of the accelerated observers

B, B, b, +BB, |+b,b, B, +B'B |+
# N, =N, memy e em, my R RN ] N + NN, [+
- , (4.18)
+ _CmQB + CaCB} +C,Cq [cvgy + CVCJ +
Nogrs 'U° + Ny Q4+ N, "N, — N7 N U N=x| T, -2q,T
+|: apAs u + qBQy+ o By o ’\/B]_'_[QOLBAS u +QaBQy}_K qB_EgaB
- _Nay/\“/ + NOLYNYj| - |:Q0LY/\Y + QYYAcx] = KTom 'un ' (4 19)
Ny, +N,Qu |+ By U +B,Qus |+ €0 07 +C,Qu |-
- _ : (4.20)
- _Nﬁygv - NYBQY N NBYNJ N 2Qy[v NB] = KTnp "
N, +N'N T, ] = T U™ - T 4.21
NN, [+ Q10U +Q,Q7 | = x| Ty ' w-IT (4.21)

Although we have reduced the rotating Kerr model to a static one, we can draw out
from this model a lot of information that will be valid in the rotating version, too. In a former
paper [4] we have studied more general transformations to accelerated systems, which
could be also applied to the present model.
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