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NEW EMBEDDING OF SCHWARZSCHILD GEOMETRY
Il. INTERIOR SOLUTION

Rainer Burghardt’
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We embed the Schwarzschild interior solution in a five-dimensional flat space and
show that the systems of the interior and the exterior solution are based on the same ge-
ometrical principles.
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1. INTRODUCTION

In a former paper [1] we have shown that it is possible to embed the Schwarzschild
exterior solution in a five-dimensional flat space, if this method is based on a geometrical
theory of a double surface. For the interior solution, it is well known that the space-like re-
gion is part of a three-dimensional sphere, but for the whole metric only local embeddings
are worked out [2]. We will demonstrate that the time-like part of the metric may be globally
embedded too, if we extend the motion of the curvature vector of Schwarzschild’s parabola
to the inner region. The rotation of this vector about the r-axis describes the time-surface
and explains the time-like part of the interior metric.

Moreover, a system of covariant field equations is deduced from Einstein’s equations,
which are in close relation to the geometrical background of the theory of double surfaces.

2. FIVE-DIMENSIONAL FORMULATION

In [1] we have shown that a pseudo-spherical four-dimensional single surface em-
bedded in a five-dimensional flat space can be mapped to a four-dimensional parabolic-
hyperbolic double surface, representing the exterior Schwarzschild geometry. The curva-
ture vector of the Schwarzschild parabola is connecting the parabola and its evolute (Neil's
parabola).

The rotation of these two curves through the directrix (R-axis) of the parabola creates
Flamm’s paraboloid and the corresponding surface due to Neil’'s parabola. An additional
rotation of these two curves about the symmetry axis (r-axis) of the Schwarzschild pa-
rabola creates the time-like double surface. The real image of these could be envisaged as
parabolic-hyperbolic surface of translation, and a similar surface created by Neil's pa-
rabola. A suitable projection formalism cuts off all the geometry not necessary for describ-
ing the four-dimensional physics and reduces the five-dimensional field equations of the
spherical single surface to the four-dimensional equations of what we call the physical sur-
face.

The curvature vector p of the Schwarzschild parabola plays an important role for both
Schwarzschild models. The gravitational force of the exterior solution (ES) is mainly based
on p and the motion of p explains most of the physics. The mass parameter M of the ES
implies the existence of an interior solution (IS) that is there has to be a massive object
with definite extent, which cuts off the ES at (r,,R,). r and R are the Cartesian coordi-
nates of the Schwarzschild parabola in the radial sections of the space-time, as can be
seen in Fig. 1.
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For the IS we use the rectilinear co-ordinate system (F,IQ) and for the ES (r,R). From
the curvature vector of the Schwarzschild parabola p =+/2r®/M [1], the velocity of a freely
falling object sine =—/2M/r and the relation ¢, = -0, we get

p, = 2R, (2.1)

R . being the radius of the Schwarzschild trough. The distance from the tail of p, on Neil's

parabola, which is the evolute of the Schwarzschild parabola, to the origin O in the IS-
coordinate system is 3R,, and the projection onto the IS coordinate lines are

3R cos6,, 3R ;sin6b,.

If we follow the motion of p, its tip moves on the Schwarzschild parabola and its tall
on Neil's parabola until p has reached the surface of a stellar object at (r,,R,). The tail of

pnow stops at (rg,R?), while the tip of the vector moves on along the circle with radius

R and origin O . The motion of this vector, which we now call X, and its rotation about the
axis r and axis R describes the geometry of the IS.

In a flat five-dimensional space we use two Cartesian coordinate systems, x'for the

IS and x"for the ES. If we introduce pseudo-polar co-ordinates, the components of the
vector fields X in both systems are



X* = Xsingsin9sing  X* = Xsingsin9sing
X?" = Xsingsin3cosp X* = Xsingsin9cos e

X" = Xsingcos 9 X" = Xsingcos 9 . (2.2)
X°" = Xcosecosiy X% = -Xcosgcosiy
X*" = Xcosesiniy X* =-Xcosesiniy

As Xsing=f—f¢, —Xcose =R—R® and
X? :(f—fse)z—l—(li—lii)z (2.3)

the vector field X parametrized by (2.2) describes a family of pseudo-spheres with the cen-
ter (Ff,lig), which could be used for a single surface theory. With the help of

F=Rsin®, R=RcosH, F*=3R _sin6_, R°=3R_cos6,

(2.4)
we find
X¥ =Rsin@singsing — 3R sinO,_sin9sing
X? =Rsin0sin9cos — 3R _sinO_sin3cos ¢
X! =Rsin0Ocos 9 —-3R sinb, cos 9 (2.5)

X® =RcosOcosiy 3R _cos0, cosiy
X* =RcosOsiniy  —3R_cosO,siniy

which now parametrizes a double surface. A suitable projection formalism cuts off the first
three rows of the second column of (2.5). With the remaining elements the line element is

ds? =dR? +R*d®? + R? sin” 6d9” + R? sin® 6sin” 3d¢” + [R cos® — 3R ,cos 93]2 diy®. (2.6)
If we constrain the vector R to the Schwarzschild trough the embedding condition reads as
R=R =const. 2.7)

Introducing the co-ordinate time dt =p,dy =2R ,dy, we get the four-dimensional line el-
ement

ds® =R?d0* + R?*sin*0d9* + R sin“0sin’9dp® — %[cose —3cos6, ] 2 dt?
(2.8)

which we call the line element of the physical surface. Using r =R sin0, this line element
also reads as

ds? = 1 —dr® +r?d9” +r’sin*9 de’ —%[0059—3005 es]zdt2

-
R . (2.9)




Unfortunately, starting with (2.5), the calculation turns out to be rather tedious. There-
fore, instead of projecting out superfluous terms in (2.5) we make a new ansatz for the
single surface

R¥ =R sin@sin9sing

R? =R sin0sin9cose

R' =R sinBcos 9 (2.10)
R” =R cosOcosiy

R* =R cosOsiniy

and project in the last two rows of the second column of (2.5). (2.10) describes a family of

pseudo-spheres with the center O. The embedding condition constrains the vector R to

the Schwarzschild through as shown in Fig. 1. If we use (2.10) the metric of the flat space
is

ds? = dR? + R?d6? + Rsin*0d9? + R2sin*0sin®9d¢? +R2cos’0diy? (2.11)

which also describes the metric of a family of pseudo-spheres, if R is kept constant. If we
use (2.5), we get the metric of a family of double surfaces, parametrized by X

ds® =dX? + X?de® + X*sin*ed9® + X’sin®esin”9dg’ + X*cos’ediy? 2.12)

the tip of X being situated on one and the tail of X on the other associate of the dou-
ble surface. The field equations (equations for the curvature fields of the surfaces) have
the same structure as the field equations for the ES [1].

3. THE PHYSICAL SURFACE

To find the projection formalism mentioned above, we introduce polar co-ordinate
systems. The polar co-ordinates due to the vector field R and relation (2.10) we denote by

the indices a,b,...={0,1...,4} ={R.6,9.¢.iy}, the polar co-ordinates due to X and the sec-
ond relation (2.2) by &,b,...= {f),i...,zl} ={X,£,9,¢,iy} . In this co-ordinate systems the com-
ponents of the vector fields R and X are

R* ={R,0,0,0,0}, X* ={X,0,0,0,0}

. (3.1)

Their differentials can be read from (2.11), (2.12)
dR* = {dR, Rd6, RsinBd9Y, RsinBsin3de, R cosodiy}, (3.2)
dX? = {dX, Xde, X sined9, Xsinesin 9de, Xcosediy} . (3.3)

These systems differ by a rotation in the [0",1']-plane through the angle ®=¢+6 (® and ¢

having the orientation cw, but 6 ccw) and an opposite orientation of their 0-axis and 0-
axis respectively. By some calculations, it can be shown that



dX? + X?’de® = dR?* + Rd0’

which expresses the fact that the tip of R and the tip of X are subjected to a common mo-
tion in the [0,2]-plane. The two terms in (3.2), (3.3) containing
RsinG, Xsine =Rsin0—3R sinO, are easily understood by our strategy of projecting in or

of projecting out the elements for the physical surface. The remaining work to be done is to
project in the correct expression for the time-like part of the metric (2.11). For this purpose,
we define a projector

0 Rcoso
Po=P=P=P; P=Ps -Xcose RcosO—-3R cos, (3.4)
With the relations
dX® =PdR®, dR* =pdX” (3.5)

and the embedding condition (2.7) we are able to derive the line element for the physical
surface (2.8) from the line element of the single surface (2.11). Dropping the tilde, our
tools for handling the interior Schwarzschild geometry are the simple relations

dX* =(P*);dR", 8, =P20, A~ =PiA,’°, (3.6)

dx®, o, =o/oX?, A, being the components of the differentials of the vector field X with
respect to the polar system, the partial derivatives, and connexion coefficients of the em-
bedded system and dR?, éa =0/0R", A, the corresponding quantities of the single sur-

face (2.10). We want to outline that the quantities A_° are not the connexion coefficients of

a single surface but the connexion coefficients of a double surface with respect to the time-
like part of the metric. ES and IS have a common intersection: Two hyperbolas of constant

curvature arise by the rotation of (r,,R,) and (rJ,R;) about the Schwarzschild standard co-
ordinate line r through iy . Merely the space-like part coincides with the spherical single

surface. In the preceding paper, it was shown that the Riemann and Ricci tensor, as known
from the Riemannian geometry, could as well describe a double surface. All we have to do
is to consequently apply the relations (3.6).

The connexion coefficients of the single surface split into

~ ~

A =M,C+B,°+C,°+U,°, (3.7)

where

éabC =C éb CC - C Cb CC! Oabc =u Obuc —u UbUC (3 8)

The vector fields have the components



M, :{i,o,o,o,o}, B, = {i,icote,o,o,o}
RR

R (3.9)
C, ={i,1cote, L cotS,0,0},Ua ={1,—itane,o,o,o}
R R Rsin6 R R

and the m,,b_,c,,u, are the unit tangent vectors on the family of the pseudo-spherical sur-
faces, while the n, will be their normal vectors, pointing into the local O-direction. The

guantities (3.9) are the curvatures of the circular slices of the spheres (the inverse of the
values of the curvature vectors)

‘I\A/Iazi, B, |- SN o [E—— 0, |= L (3.10)
R R sinO Rsin0sIing R coso
Applying (3.5) - (3.8), we get
Ma:Ma’ Ba:éa’ Ca:éa' Ua:poa (3 ]_1)

It is instructive to consider the geometrical background of the last relation of (3.11). At the
beginning of this section, we have introduced two local systems (a,a), differing by a rota-

tion through the angle ow=¢+ 6. Starting with the curvatures of the X-System

rotating the reference system and bearing in mind the opposite orientation of the two O-
axis, we retrieve with

U, = _Dg((”)ua’ U, = Df((;))Ué
the last expression (3.11). For some calculations we need the relation

p|a: (1_ p)Ua ' (312)

4. THE FIELD EQUATIONS

The set of graded covariant* derivatives
Mamb = Malb’ Balllb = Balb - MbaCBc’
Ca|||b = Ca|b - MbaCCc - BbaCCc’ (4.1)

Ua|||b = Ualb - MbaCUc - BbaCUc - CbacU

c

! This type of covariant derivatives was discussed in [1] in greater detail



has the advantage that a tensor of an (n-m)-dimensional subspace covariantly differentiat-
ed by the (n-m)-method of (3.8) is also a tensor of the same (n-m)-dimensional subspace.
The derivatives have the nice property

mallllb =0, ba||2|b =0, Ca||3|b =0, ua|L|b =0. (4-2)

Inserting the relations above into the Ricci tensor

Rab :2|:A[ab 1™ Arasn. A } 0
A, =M, +B, +C, +U," (4.3)
(Da|||b = (Da|b - Abacq)c

the equations for the curvature fields decouple

M

billa
1

+MM, =0, B,,.+BB,=0, C,,,+C,C, =0, U, +UU,=0. (4.4)

From the five-dimensional Einstein equations G,, =R_, —%gabR =0 we get

My 0 = @ap =My )Mcnn + 'y, =0, Bojja —(9ap—b.by,)B° e + tap =0

bllla ~ (9= C.Cs) CC ¢ T *ty =0, Up i _(gab_uaub)uclllc + %, =0
: i (4.5)
" = MM, —(@—mm)MM,, 't =0

allb
1

B,-(9,,—b, b, )BB, °t°

a lllb
2

2

=0
sg b

C, —(94—C, G, )C°C,, °t, b =0
4J[ab =Uan _(gab_ u, ub)UcUc’ t °

a I||b

=0

For these equations, the [0,4]-decomposition can easily be performed, but we apply

an alternative strategy, which gives more insight into the geometrical background. N" is the
unit vector pointing into the local 0-direction and

A =Ny (4.6)
are the generalized second fundamental forms of the double surface theory. As
2100 = Roca Ng =0,
the Codazzi equations for the double surface theory are
Aapiie =0- (4.7)

The generalized second fundamental form could be extracted from the connexion
coefficients by



A=A C“+A°n -An°A°=A_n°, (4.8)
ab ab a ' b ab a ab

the A_°being the four-dimensional connexion coefficients. The Ricci tensor then decom-
poses to

1 c [ (o ] [ d ds c | _
Ry =| R +2AL°A g |+ 2 AL M = Apannia N |+ 20 " Agpiyan® + A, Ay | =0,(4.9)

each bracket vanishing separately. The four-dimensional covariant derivatives and
the four-dimensional Ricci tensor are defined as
q)ang = (Dam - IAbachc' (Dam = (Da|b _q)a|cncnb
Ry =2[ Apn’ = A’ A’ |

[ab: o]

(4.10)

The last part of (4.9) stands for the change of the geometry in the local O-direction
and is less important for the physical theory. Making use of the Einstein equations, we find
(n,m=1,...,4)

'Rmn - %gmn R = —«T ., T =2A [mSA,S]n — 0 A[,SAs ]’ , (4.12)
A[m"”n] =0. (4.12)

For a decomposition of the four-dimensional Einstein tensor, we refer to paper [1].
The energy tensor of the matter is built up by the second fundamental form and is ‘already
geometrized’. The field equations for the matter fields A, are the Codazzi equations
(4.12)%. With the help of (2.7), (3.4), (3.9), (3.11), (4.9), we are able to calculate the matter
energy tensor

Tmn =-p 3gmn + 1o Uy, Uy, 3gmn =0mn —Up U,
1 3 )
Kp=—?(1+2p), Ko = R =R, =const.

(4.13)

p and p, being the pressure and energy density of the matter of the stellar object.
The energy tensor has to satisfy the conservation law, as the left side of the field equations

is free of divergence due to the Bianchi identity. It's remarkable that the conservation of
energy is also a consequence of the geometrical structure of the five-dimensional theory:
kT "

i =2A_ A" =03 (4.14)

(mlls 1>
by means of the Codazzi equation. The conservation law splits into

Pym=—(P+1)U,, P=0, 1,=0, (4.15)

2 1t is of some interest to include other fields in this theory by Kaluza-Klein methods. The main difference is
that Kaluza-Klein theories use anholonomic rigging vectors on the surface, which lead to antisymmetric field
strengths, while the present theory uses holonomic rigging vectors, which lead to symmetric field strengths.

%<>” denotes cyclic permutation of indices



U, being the negative of the gravitational force.

5. CONCLUSIONS

We propose a global minimal embedding of the interior Schwarzschild solution, geo-
metrically matched to the exterior solution by use of the methods of the double surface
theory. It turns out that the energy tensor of the matter has its origin in the five-dimensional
structure of the geometry and is built up by the generalized second fundamental forms.
Thus, the matter is already geometrized. The Codazzi equations are the field equations for
the matter field.
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